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ABSTRACT

Magnesium (II) doped spinel lithium manganese oxide (LMS) was synthesized by soft chemical method
and nanosized ion sieve manganese oxide (HMS) was prepared by extracting lithium and magnesium
from LMS. The characteristics of HMS were studied by X-ray diffraction, scanning electron microscopy,
transmission electron microscopy, surface areas and determination of pH at the point of zero charge.
Experiments were performed to study the effects of pH, adsorbent dose, contact time and Li* concentra-
tion. The competitive model was used to describe the competition between Li*~H* and the applicability
of different kinetic models was evaluated. The results showed that the pH at the point of zero charge of
HMS was about 7.8. The recycle of HMS explained that it could be used as Li* adsorbent with topotac-
tical extraction of lithium. Under optimized batch conditions up to 99.2% Li* could be recovered from
solution within 24 h. The adsorption process followed the pseudo-second-order model and followed an
intraparticle diffusion model at the beginning.

© 2009 Published by Elsevier B.V.

1. Introduction

Recently, the demand for lithium has been growing for their
promising use in many fields, such as high-performance grease,
heat-resistant ceramics, flux for welding, batteries, and pharma-
ceuticals and so on. Lithium is now recovered from mines and
salt lakes, which contain about 17 million tons of lithium in total
[1]. Seawater is also considered as a vast source of lithium (about
2.5 x 10! tonnes), although the concentration of lithium is very
low, i.e.,, 0.17mg/L [2]. In addition, there is a lot of lithium in
waste solution of spent lithium ion batteries which are widely
used. In conventional practice, precipitation is the most common
technology for lithium recovery. However, it is difficult to apply
precipitating method to saline with high Mg/Li, sea and the waste
solutions of spent lithium ion batteries with low concentration
of lithium, because Li;COs is insoluble (about 1.3 g/100 mL H,0)
which causes incomplete precipitation [3]. Therefore, the adsorp-
tion method has been recognized as the most suitable method for
lithium recovery owing to economic and environmental consider-
ations [4].

Spinel-type lithium manganese oxides show excellent selectiv-
ity and capacity for the adsorption of Li* after topotactic extraction
of Li* with an acid, such as A\-MnO,, Mn0O,-0.31H,0, Mn0O,-0.5H,0
derived from LiMn,0y, Li;33Mnq 6704, Li; gMn; 04 respectively
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[5-10]. The adsorptive properties make the material practicable as
a Li* adsorbent, a cathode material for lithium batteries and elec-
trode for selective electroinsertion of Li* [11]. However, they show
significant manganese loss during extraction of lithium by acid [12].
A very effective way for improving the stability is to synthesize
manganese-substituted LiMn,_,Mx0O4 spinel phase by doping with
divalent or trivalent ions (M = Mg, Co, Ni, Fe, Ti, Zn, Cr, etc.) [13-17].
From a practical point of view, HMnO(Mg) has advantages in that
one of the raw materials, Mg2*, is non-polluting and can be easily
obtained from seawater. Therefore, its cost should be much lower
than that of HMnO(Li). Feng et al. [18], Liu et al. [19], Chitrakar
et al. [20] and Miyai et al. [21,22] have studied the Li* extraction
and insertion reactions of LiMgsMn; 504 (M=Mg, Zn, Al, Sb, etc.),
Mg, MnO4 and MgMn;O4. The results implied that their acid treated
products had selectivity for Li* as doped lithium ion sieves and had
potential application for lithium recovery from aqueous phases.
Since the sorption processes often occur in aqueous solutions, it
is very important to understand the adsorption behavior of lithium
ion sieve. However, recently there have been few systematic stud-
ies on the adsorption behavior of Li* onto doped lithium ion sieve.
Therefore, in this study, Mg2* doped spinel lithium manganese
oxide (LMS) and the nanosized ion sieve manganese oxide (HMS)
were prepared by soft chemical method based on the preliminary
work of our laboratory [23]. The characteristics of HMS were stud-
ied by X-ray diffraction (XRD), scanning electron microscopy (SEM),
transmission electron microscopy (TEM), surface areas and deter-
mination of point of zero charge (PZC). Batch adsorption properties
were studied by investigating the effects of different experimental
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parameters including adsorbent dosage, initial pH and adsorption
time. The competitive model was applied to describe the compe-
tition between Li* and H*. Kinetic measurements were assessed at
different Li* concentrations and evaluated by the pseudo-second-
order model and intraparticle diffusion model.

2. Experimental methods
2.1. Preparation of the material

MnCl,-4H;0 (AR, TianJin Chemicals) and Mg(NO3),-6H,0 (AR,
TianJin Chemicals) in a Mg:Mn molar ratio of 3:1 were dissolved
in proper deionized water, some LiOH (AR, Guangdong Chemi-
cals) solid was dropped into the mixed solution to adjust the pH
of mother solution over 11 with 200 rpm magnetic stirring. After
about half an hour, H,0, (AR, Shenyang Chemicals) with a mass
concentration of 15-20% was added dropwise into the above solu-
tion. A black gel was formed after continuously stirred for 2 h. The
obtained black gel was dried in an evaporating dish at 80°C for
several hours and then heated at 450 °C for 4 h. The obtained sam-
ple was cooled and designated as LMS then stirred in 0.5 mol/L
hydrochloric acid for 24 h. The acid-treated material was filtered,
washed with deionized water and dried at 80°C. The Li* extraction
sample was designated as HMS.

2.2. Analytical methods

The material thus synthesized was characterized by the follow-
ing methods. Powder X-ray diffraction (XRD) analysis was carried
out to identify the phase of the material using a Shimadazu XRD-
6000 X-ray diffractometer with Cu Ko radiation (A=1.5406A)
monochromated by graphite at 40kV and 30 mA, scanning from
5° to 70° at the speed of 0.06°s~1.

The grain morphology and particle size were observed by
scanning electron microscopy (SEM, JEOL JSM-5600LV) and
transmission electron microscopy (TEM) on a JEOL 2200FS at accel-
erating voltage of 200 kV and photomicrographs collected using a
Hamamatsu CCD digital camera. Surface areas of the materials were
measured by the BET method with a NOSA 1001 specific surface
analyzer.

The atomic absorption spectrophotometer (Solan 969 USA) was
used for determination of initial and final Li* concentrations. The
wavelength used for the analysis of Li was 670.8 nm.

Batch equilibration technique was applied to determine pH at
the point of zero charge (pHpzc) [24]. NaCl was selected as an inert
electrolyte and the ionic strength was kept constant in all experi-
ments. Portions of ion sieve powder were introduced into a known
volume (50 mL) of 0.1 mol/L and 0.01 mol/L NaCl solution respec-
tively. Initial pH values (pHjpitia1) of NaCl solutions were adjusted
from about 2 to 12 by addition of 0.1 mol/L HCl or NaOH. Suspen-
sions of the same sorbent to solution ratio (1 g/5 L) were allowed to
equilibrate for 24 h in a shaker thermostated at 20 °C. Then the sus-
pensions were filtered through a filter paper and the final pH values
(pHgpa) were measured again. pHpzc of HMS was determined from
the plots pHgpa versus pHipitial-

2.3. Batch experiments

Adsorption of Li* onto HMS was studied in batch system, and
the parameters affecting the adsorption process such as adsorbent
dose, initial pH, initial Li* concentration and contact time were
investigated. The Li* solution was prepared by dissolving LiCl (AR,
TianJin Chemicals)in deionized water. The adsorbent concentration
was changed from 0.5 to 3.5 g/Lin order to seek the optimum adsor-
bent dosage for adsorption of Li* by HMS. Sorbent-sorbate mixture
was then centrifuged at 3500 rpm for 5min, and the remaining

Li* concentration in the supernatant was determined. The same
procedure stated here was carried out for determination of Li*
concentrations in solutions for all batch adsorption studies. The
effect of initial pH of the Li* solution on the adsorption capacity
of HMS was investigated in the pH range of 2-12. The pH of the
solution was adjusted with diluted hydrochloric acid and sodium
hydroxide solutions using a pH meter. Batch studies were carried
out by mixing HMS with LiCl solution at different pH;jia (2-12)
and shaking in a rotary shaker with glass flasks. All of the param-
eters, adsorbent concentration (1 g/L), temperature (20 °C), initial
Li* concentration (10-200 mg/L), and contact time (24 h), were kept
constant respectively at each pH value. In this procedure, the effect
of initial Li* concentration was included synchronously. Finally,
the adsorption equilibrium time profile (at pHjpjtia) 12) was exam-
ined in the time range of 1-48 h as a function of Li* concentration
(10-100mg/L) in order to understand the adsorption behavior of
HMS. The intraparticle diffusion kinetic, pseudo-second-order and
pseudo-first-order models were applied to the obtained data.

In this study, all chemicals were analytical reagent grade. Deion-
ized water was used throughout the study. All the experiments
were performed in duplicates and the deviation about the mean
was less than five percent in all cases.

Adsorption capacity values will be calculated from the change
of solution concentration using the following equation:

(co—ce)xV
e = —w (1)
where e is the adsorption amount (mg/g) and ¢y and ce are the
initial and final concentrations (mg/L), respectively. Vis the volume
of solution (L) and w is the mass of adsorbent used (g).

2.4. Models

2.4.1. Competitive adsorption model

The most common models used for sorption processes are the
Langmuir and Freundlich isotherms. The major advantage of these
models is their simplicity [25]. However, both models fail to pre-
dict the effects of several important factors such as pH. If the model
parameters are obtained based on experiments under one set of
conditions, the models cannot give accurate predictions for another
set of conditions [26]. Some researchers have been developed com-
petitive adsorption isotherms in order to take into account the
sorption of H* [27], such as Eq. (2).

_ (gmax/Kui)CelLi]
14+ (1/Ky)GLi] + (1/Kn)Ce[H]

where C; is the equilibrium metal ion concentration (mmol/L), Ky
is the equilibrium constant for the binding of proton (mmol/L), K;
is the equilibrium constant for the binding of lithium (mmol/L),
(max is the maximum amount of adsorption (mmol/g) and q is the
amount of metal bound to the HMS (mmol/g).

q (2)

2.4.2. Intraparticle diffusion kinetics

In order to investigate the mechanism of the adsorption of
Li* onto HMS, an intraparticle diffusion based mechanism has
been studied. The intra-mass transfer diffusion model proposed
by Weber and Morris is used for intraparticle transfer, which is
determined by the linear equation [28]:

qe = kwmt'/? +C (3)

where g; (mg/g) is the amount of adsorption at time ¢ (h), C is the
intercept (mg/g) and kyy is the intraparticle diffusion rate constant
of Weber and Morris (mg/(g h'/2)).It can be used to analyze deferent
period of adsorption process. kywy and C are obtained from a linear
regression analysis.
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2.4.3. The pseudo-second-order kinetics

The pseudo-second-order kinetic model is expressed as [29]:
t t 1
=t (4)
q qe k2qe
where k; (gmg~! h—1) is the rate constant of second-order adsorp-
tion. The second-order rate constant k, and ge are calculated from
the intercept and slope of the plots of t/q versus t.

2.4.4. Non-linear regression analysis

In this study the parameters were evaluated by non-linear
regression by Matlab 7.1. The optimization procedure required an
error function to be defined in order to evaluate the fit of the
equation to the experimental data. Not only the determination
coefficient (R%) but also the residual root mean square error (RMSE)
and the sum of the squared errors (SSE) were used to measure the
goodness-of-fit. RMSE can be defined as [30]:

RMSE — %Z(Q{ —q;)? (5)
i=1

where Q; is the observation from the batch experiment and g; is
the estimate from the isotherm for corresponding Q; and m is the
number of observations in the experimental isotherm. The smaller
RMSE value indicates the better curve fitting.

The parameters of the equations were determined by minimiz-
ing the distance between the experimental data points and the
models predictions. SSE can be presented as:

n
SSE = Z(Qexp,i - QCal,i)z (6)
i=1
where geyp ; is the equilibrium value obtained from the batch exper-
iment and q,; is calculated by models. If data from the model are
similar to the experimental data, SSE value will be a small number;
if they are different, SSE will be a large number [31].

3. Results and discussion
3.1. Characterization of LMS and HMS

Mg2* doped spinel lithium manganese oxide (LMS,
LiMgg 56Mny 5004) was synthesized by soft chemical method and
the ion sieve manganese oxide (HMS, Hq 51Lig.0gMgp24Mn1 4904)
was prepared by extracting lithium and magnesium from LMS.
X-ray diffraction patterns of lithium magnesium manganese oxide
and acid-treated sample (HMS) are shown in Fig. 1. They all show
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Fig. 1. X-ray diffraction patterns of precursor and acid-treated sample.

Fig. 2. SEM image (a) and TEM image (b) of HMS.

the pure spinel structure, viz. the diffraction patterns of delithiated
material are almost the same as that of the precursor, only with
relative intensities slightly weaker and the peaks shifted to slightly
higher 20 values [32]. This indicates that lithium extraction pro-
ceeds topotactically, preserving the original spinel structure, while
increasing slightly in grain size during the extraction of lithium.
The lithium extraction from LMS is similar to that from lithium
manganese oxide [6,8].

Fig. 2 shows the SEM and TEM images of HMS. It can be seen
from SEM image that the lithium ion sieve is composed of dis-
persed particles and their aggregates. The HMS grains present as
the cluster form of floccules. The TEM image clearly shows that
HMS has clubbed structures with about 25 nm x 50 nm and nano-
sized particles. The BET surface area of HMS is 131.8 m?/g. Smaller
size provides bigger surface area and helps to the adsorption of Li*.

The pHpyc is defined as the solution pH value for which the free
surface charge of the colloidal particles is zero [33]. For oxide col-
loidal systems, the H* and OH~ are considered to be the potential
determining ions. Since the charge on HMS surface is a result of
the adsorption of H* and OH~ ions, as well as of dissolution and
hydrolytic reactions occurring at the solid-solution interface [34],
the pHpyc is dependent on the solid to solution ratio (surface area).
So suspensions of the same solid to solution ratio (1g/5L) were
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Fig. 3. pHgna as a function of pHiya for solid to solution ratio 1g/5L (experi-
mental conditions: temperature, T=20°C; HMS mass, m=0.05g; volume of NaCl,
Vnact =250 mL).

carried out through all the adsorption experiments. Fig. 3 shows
PHiinal VS PHinitial curves at different electrolyte concentrations and
the pHpyzc of HMS is around 7.8 as revealed by the crossing point
of the curves which shows an amphoteric HMS surface. There is
a reasonable prediction that positively charged sites with anions
adsorbed are predominant when pH is lower than 7.8, while nega-
tively charged sites with cations adsorbed are predominant when
pHis higher than 7.8. Therefore, there are electrostatic forces during
the sorption of Li* onto HMS in addition to the main ion-exchange
mechanism.

3.2. The effect of HMS dose on recovery of Li*

Adsorbent dose seems to have a great influence in adsorption
process because the dose of adsorbent added into the solution
determines the number of binding sites available for adsorption
[35-37]. In addition, it also determines the number of Li* insertion
sites. The results are shown at Fig. 4. It indicates that the adsorp-
tion capacity decreases with the increase of ion sieve dose from
0.05 to 0.35g. This may be explained by several factors such as
unsaturation of adsorption sites and particle interaction. However,
it is evident from the figure that the removal increases from 79.1
to 99.2%, which is due to the increase in absorbent surface area of
the adsorbent. The further increase of adsorbent dose from 1.0g/L
does not significantly improve adsorption due to establishment of
equilibrium between adsorbent and Li*.
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Fig. 4. The effect of ion sieve dose on adsorption of Li* (T=20°C; m=0.05-0.35g;
volume of lithium solution, V=100 mL; initial concentration of lithium, Cy = 10 mg/L;
PHinitial = 12).
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Co =10 mg/L; pHinitial = 12).
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3.3. Recycle of the ion sieve

The relation of reused times and adsorption capacity is shown in
Fig. 5. The adsorption capacity decreases slightly with the increase
of reused times. This attributes to slight damage to the original
cubic structure when the extraction of Li* and Mg2* from LMS pro-
ceeds by means of an acid treatment. While the adsorption capacity
stays at 21-22 mg/g with the initial concentration 10 mg/g and after
reused for 4 times, it remains above 95% higher than HMnO(Mg)
which was reported as 60% [21]. It indicates that HMS is found to
have a higher chemical stability and the lithium ion sieve could be
recycled in the lithium ion solutions for recovery of lithium. It dues
to the substitution of monovalent, divalent, trivalent or pentava-
lent cations for some portions of the manganese ions in the spinel
framework and the doped magnesium ions reduce the dissolution
of manganese ions[8]. The Li* and Mg2* extraction and the Li* inser-
tion reactions mainly proceed by anion-exchange-type mechanism
[18].

3.4. Effect of initial pHs and concentrations

It is known that solution pH and initial concentration can sig-
nificantly influence the adsorption of metal ions, the same as
* adsorption by ion sieve. Fig. 6 is the curve of Li* adsorption
in different initial pHs and solution concentrations but at the
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Fig. 6. Variation of Li*

adsorption in different initial pHs and concentrations
(T=20°C; m=0.05g; V=250mL; Cp = 10-200 mg/L; pHinitiai =2-12).
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Fig. 7. The competitive model of Li-H binary system (T=20°C; m=0.05g; V=250mL; Cp = 10-200 mg/L; pHjpjja =2-12).

same temperature (20°C). It shows that adsorption capacity of
Li* increases both with increasing pH and generally with increas-
ing solution concentration. The shape of the isotherm implies that
there is affinity between Li* and HMS. From Fig. 6a, it can be seen
that the adsorption capacity is thus highly pH-dependent. It reaches
up to 37.4mg/g when the initial concentration is 200 mg/g at pH
12 which is higher than that of Mg;MnO,4, MgMn,04 and LiMn;04
[21,22]. Therefore, the present ion sieve shows a high adsorption
capacity for Li* at higher pH. Additionally after adsorption, the
measured final pH values decreases, which indicates that the HMS
particles causes arelease of H* into the solution under alkaline con-
ditions. It dues to an occurrence of the Li*~H* ion exchange reaction
at the surface during the process of sorption of Li* onto HMS. This
indicates that the higher solution pH helps to H* extraction and Li*
insertion and increases Li* adsorption capacity consequently. What
is more, it keeps coincident with the prediction from pHpzc that at
high pH the cation adsorption density increases.

3.5. Competitive adsorption model

According to the anterior results, the sorption of Li* is strongly
pH-dependent and the level of lithium binding is influenced by H*.
So the competitive model is selected to fit the experimental data.
This is based on the assumptions that sorption equilibrium can be
expressed as

HMS + Ht = HMS-H

HMS + Lit = HMS-Li

The results of experimental data for competitive adsorption
model are depicted as a three-dimensional plotin Fig. 7. The param-
eters for model verification are also shown in Table 1. Low RMSE
indicates high accuracy of the model in the prediction of sorption
characteristics. The prediction for the maximum adsorption gmax
is 4.89 mmol/g which is close to the experimental result. For the
Li-H system, much higher values of the K parameter for Li than
for H in the studied pH range 2-12 imply that the adsorbent has a

Table 1

Li-H binary system model fit results (pHjpyisia) =2-12).
Ky (mmol/L) Ky (mmol/L) (max (mmol/g) RMSE SSE
1.41 0.0045 4.89 0.73 1.98

higher affinity for Li than for H. Higher values of K are associated
with a higher ratio of the desorption rate constant to the adsorption
rate constant [38]. Accordingly, it is in line with the recycle of HMS
which was studied before.

In Fig. 7, the final pHs increase from lower initial pHs. It dues
that for the lower tested pH, it is reasonable that most of the sites
are protonated and lithium ions cannot effectively compete with
protons for the binding sites. An increase of the initial solution
pH results in an increase of negatively charged sites and eventu-
ally an increase of metal ion binding. Li*-H* ion exchange occurs
simultaneously and it contributes to the decrease of pHs.

3.6. Adsorption kinetics

Effects of contact time and Li* concentration on adsorption of Li*
by HMS are presented in Fig. 8. The amount of Li* adsorbed (mg/g)
increases with increasing contact time. The extent of adsorption
increases rapidly in the initial stages but becomes slow in the later
stages till the attainment of equilibrium. Equilibrium time for the
adsorption at various Li* concentrations is found to be 24 h, which
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Fig. 8. Variation of Li* adsorption as a function of time and initial concentrations of
the solution (T=20°C; m=0.05g; V=250 mL; time, t=1-48 h; C; =10, 50, 100 mg/L;
PHinitial = 12).



L. Tian et al. / Chemical Engineering Journal 156 (2010) 134-140 139

40
35
LA a
" /- n L}
30 s
P
& 7
251 L7 . +
20 e
- 2
o & 100mg/L
161 u S0marl
¥ « 10mg/l
n L
! *, = = = :Linear Fit of 100maL
5 =— = Linear Fit of 50maiL
Linear Fit of 10mgiL
U L 1 1 1 1 L 1
il 1 2 3 4 5 6 7 g

t1.“2(hl.ﬂ)

Fig. 9. Plots of intraparticle diffusion model of Li* onto HMS with different initial
concentrations of Li*.

shows that equilibrium time is independent of initial Li* concen-
tration. The maximum of adsorption is found to be 25.01, 31.2 and
33.2 mg/g respectively. It also shows that the maximum of adsorp-
tion increases with the increase of initial concentration of Li*.

For the purpose of understanding the sorption behavior of
HMS, the intraparticle diffusion kinetic, pseudo-second-order and
pseudo-first-order models are applied to the obtained data. The fit-
ting data of pseudo-first-order are not shown here because of the
lower correlation coefficients.

3.6.1. Intraparticle diffusion kinetics

According to the Weber-Morris model, the plot of g; versus
t1/2 should be linear if intraparticle diffusion is involved in the
adsorption system and if these lines pass through the origin, then
intraparticle diffusion is the rate controlling step [39-42]. When
the plots do not pass through the origin, this is indicative of some
degree of boundary layer control, and this further indicates that
intraparticle diffusion is not the only rate-limiting step, but also
other kinetic models may control the rate of adsorption, all of which
may be operating simultaneously. From Fig. 9, it can be seen that
the plots of q; versus t!/2 do not pass through the origin. There-
fore, intraparticle diffusion is not the only rate-limiting step. The
correlation coefficients R? for the intraparticle diffusion model are
explained in Table 2. This model indicates that adsorption of Li*
onto HMS may be followed by an intraparticle diffusion model at
the beginning of the adsorption.

3.6.2. Pseudo-second-order kinetics

Plots of the pseudo-second-order model at different initial Li*
concentrations are presented in Fig. 10. The constants calculated
from the slope and intercept of the plots are given in Table 3. It can
be seen that RZ values are greater than 0.99. Additionally, low RMSE
values and SSE indicate that theoretical and experimental g. values
are in a good accordance with each other. Therefore, it is possible
to suggest that the sorption of Li* onto HMS is the second-order

Table 2

The rate parameters of HMS for intraparticle diffusion kinetic model.
Cuity (mg/L) 10 50 100
kww (mg/h) 4.00 497 498
R? 0.9873 0.9499 0.9654

25
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Fig. 10. Plots of the pseudo-second-order kinetic model at different initial Li* con-
centration.

Table 3
The rate parameters of HMS for pseudo-second-order kinetic model.
C(mg/L) gexp (Mg/g) qe(mg/g) ko (g/mgh) R? RMSE  SSE
10 25.01 27.62 0.0078 0.9965 0.065 0.0210
50 31.21 34.36 0.0092 0.9911 0.034 0.0056
100 33.20 35.33 0.0120 0.9980 0.024 0.0029

reaction based on the assumption that the rate-limiting step may
be chemical sorption [43]. The result is similar to the ion sieve from
lithium manganese oxide reported by Wang et al. [32].

4. Conclusions

The characteristics and adsorption properties of Mg2* doped
spinel lithium ion sieve were studied. The followed conclusions can
be summarized.

(1) The lithium ion sieve (HMS) obtained from Mg2* doped
spinel lithium manganese oxide preserved the original spinel
structure. Scanning electron microscopy (SEM) image and
transmission electron microscopy (TEM) image showed that
the HMS grains presented as the cluster form of floccules and
nanosized particles. The determination of pHpzc was 7.8 and
showed an amphoteric surface. There exist electrostatic forces
during the sorption of Li* onto HMS in addition to the main
ion-exchange mechanism.

(2) The batch experiment results suggested that the sorption of
Li* showed a highly pH and initial concentration dependent
profile. The adsorption capacity increased with the increase of
initial pH and concentration and reached up to 37.4 mg/g at pH
12 with initial concentration 200 mg/L. The adsorption capacity
remained above 95% after reused for 4 times.

(3) Three-dimensional sorption surfaces using parameters derived
from this model could be used to predict the effects of pH on
Li* adsorption over a continuum of pH values.

(4) Kinetic experiments suggested that the adsorption process fol-
lowed the pseudo-second-order model and at the beginning,
the adsorption of Li* onto HMS may be followed by an intra-
particle diffusion model.
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